We explore theoretically the formation of bound states in the continuum (BICs) in graphene hosting two collinear adatoms situated at different sides of the sheet and at the center of the hexagonal cell, where a fictitious or phantom atom emulates the six carbons of the cell. We demonstrate that in this configuration the local density of states (LDOS) near the Dirac points exhibits two characteristic features: i) the cubic dependence on energy instead of the linear one for graphene and ii) formation of BICs as aftermath of a Fano destructive interference assisted by the Coulomb correlations in the adatoms. For the geometry where adatoms are collinear to carbon atoms, we report absence of BICs.
I. INTRODUCTION
Graphene is a two-dimensional material consisting of an atomic monolayer where carbon atoms build a honeycomb lattice, which is characterized by a band structure exhibiting a massless relativistic dispersion relation in the vicinity of the Dirac cones situated at the corners of the Brillouin zone [1] [2] [3] . Moreover, recent experimental and theoretical works demonstrated the possibility of the effective controllable adsorption of impurities, the so-called adatoms, by an individual graphene sheet [4] [5] [6] . These astonishing hallmarks have driven researchers towards a topic of the electron tunneling through adatoms in a relativistic environment [7] . The variety of the adatom geometries considered so far and novel effects predicted are quite broad. For instance, in a system composed by a couple of magnetic adatoms, the exchange coupling results in a highly anisotropic RKKY interaction [8, 9] .
In this context, the Scanning Tunneling Microscope (STM) technique has been recognized as the most efficient experimental tool [10] . Its use allows to probe the local density of state (LDOS) of the system. Interestingly enough, the latter is governed by the Fano interference effect [11] between the direct tunneling from the STM tip to the host and that via the adatom. In addition, the Fano effect forms the basis of the appearance of the so-called bound states in the continuum (BICs).
BICs were first theoretically predicted by von Neuman and Wigner in 1929 [12] as quantum states with localized square-integrable wave functions appearing above the threshold of a given stationary potential. The solutions of the corresponding Schrödinger equation are characterized by destructive interference between partial * Current address: Institute of Semiconductor and Solid State Physics, Johannes Kepler University Linz, Austria. waves which cancel the amplitude of the wave function at large distances from the potential core. Notably, the subject received a revival after the publication of the work of Stillinger and Herrick in 1975 [13] . Since then, appearance of BICs was predicted in optical and photonic systems [14] [15] [16] , setups with peculiar chirality [17] , Floquet-Hubbard states induced by a strong oscillating electric field [18] and driven by A.C. fields [19] , among others.
In the domain of the carbon-based structures, graphene ribbons were proposed as appropriate candidates for the detection of BICs [20, 21] . However, from the perspective of quantum transport, such states are difficult to detect. Indeed, as the electrons within BICs are not allowed to leak into the continuum, they become invisible in transport experiments. Hence, in order to proof the existence of BICs, proposals of novel experimental setups suitable for their detection are of fundamental inarXiv:1503.01451v1 [cond-mat.str-el] 4 Mar 2015
terest.
In this article we discuss theoretically the necessary conditions for the appearance of BICs in grapheneadatom systems. We show that such states appear if two collinear adatoms are placed above and below the center of the hexagonal cell shown at Fig.1 . The situation can be considered by means of the introduction of a fictitious, or phantom atom located at the center of the hexagonal cell and coupled to the STM tip in the transport experiment. To make the BIC visible, one needs to introduce the mechanism of its coupling with the continuum, which can be done by the use of a detuning between the energy levels of the adatoms.
II. THE MODEL
To give a theoretical description of the setup presented at Fig.1 , we develop the model based on the two-impurity Anderson Hamiltonian treated in frameworks of Hubbard I approximation [22] . The system is described by the model Hamiltonian
The first term of H T represents the Anderson like-model:
where the first part corresponds to the free graphene sheet
in which m, m runs over the nearest neighbors of carbon atoms with hopping term t ≈ 2.8 eV,Ψ † sσ (R m ) (Ψ sσ (R m )) is the creation (annihilation) fermionic operator of an electron for a given spin σ in a sublattice s = A, B.
describes the adatoms (j = 1, 2), where
1−j ∆E with the index j = 1, 2 designating the upper and lower adatoms respectively, ∆E represents the possible detuning between the levels of the different adatoms and U accounts for the on-site Coulomb interaction.
hybridizes the six atoms of the hexagonal cell with the couple of adatoms as sketched in Fig. 1 . δ 1 = ae x and
3e y ) represent the nearest neighbor vectors of carbon atoms, a ∼ 1.4Å is the distance between graphene atoms and V is the hybridization strength.
The second part of H T is described by the Hamiltonian H tip , which corresponds to free electrons in the STM tip. The tunneling Hamiltonian, describing the tip-host coupling can be expressed as (6) where Ψ tipσ is the operator for the edge site of the tip and
describes the six carbon atoms of the hexagonal cell with its center collinear to the STM tip position R as out-
for the quantum interference between the direct electron tunneling through the carbons of such a cell and tunneling through the adatom 1 placed above the central site of the cell. After some algebra [23] , Eq. (7) can be reduced to
which corresponds to the fermionic operator describing the quantum state of the fictitious or phantom atom lying in the center of the hexagonal cell, where n runs over the Dirac points K ± = 2π/3a(1, ±1/ √ 3). By applying the linear response theory, in which the STM tip is considered as a probe, it is possible to show that the differential conductance is determined by
where e is the electron charge, Γ tip = 4πt 2 c ρ tip , ρ tip is the DOS for the tip and LDOS(R) is the LDOS of the phantom atom perturbed by the adatoms.
To obtain such a LDOS we first change the system Hamiltonian of Eq.(2) to the momenta domain by performing the transformation
with N as the total number of states, c Akσ = a kσ and c Bkσ = b kσ , which yields the Hamiltonian:
where
and
where θ (τ ) is the Heaviside function, 2D is the density matrix of the system described by the Hamiltonian of Eq.(2) and [· · · , · · · ] + is the anticommutator between operators taken in the Heisenberg picture.
Therefore, the LDOS can be obtained as
whereG σ (E + , R) is the time Fourier transform of G σ (τ, R). Then by applying the equation of motion (EOM) to theG σ (E + , R), one can show that near the Dirac points where t|φ(k)| = v F k one has:
Here
corresponds to the DOS of a fictitious atom that we call phantom. It is expressed in terms of the Fermi velocity v F and the unit cell area Ω 0 . The induced density of states reads
and depends on the Green's functionsG djσd lσ (j, l = 1, 2) for the adatoms, the Anderson broadening ∆ = πD 0 V 2 and position R of the phantom atom. The Fano factor
characterizes the interference between the direct adatomhost and STM-host paths [11] ,
is the self energy, which at R = 0 and near the Dirac points gives
as originally derived in Ref. [7] (D ≈ 7 eV denotes the band-edge).
From the point of view of the STM-host coupling, a phantom atom emulates a single site beneath the STM tip. Note that the D 0 of Eq.(16) differs from the standard DOS of graphene in the situation of a single carbon connected to a tip, which is characterized by
2 . The cubic dependence ∼ |E| 3 at low energies for the phantom DOS arises from the quantum interference between the electron paths through the hexagonal cell: the straight aftermath of such a process is the modification of the band-structure of graphene, thus distorting the well-known linear behavior for the DOS when the STM tip position coincides with the center of the hexagon.
To determine the density of states (DOS) of the adatoms at the site R = 0 of the host we should calculate the Green's functionsG djσd lσ :
To this end, the Hubbard I approximation can be used [22] . This approach provides reliable results away from the Kondo regime [24] . We start by employing the equation-of-motion (EOM) method to a single particle retarded Green's function of an adatom in time domain
This gives in the energy domain
with E + = E + i0 + . In the equation above,G d lσ n d lσ ,djσ denotes a two particle Green's function composed by four fermionic operators, obtained by the Fourier transform of
where the index s = A, B marks a sublattice, c Akσ = a kσ and c Bkσ = b kσ , φ A (k) = φ * (k) and φ B (k) = φ(k), expressed in terms of new Green's functions of the same order ofG d lσ n d lσ ,djσ and the occupation number can be determined as
with n F (E) as the Fermi-Dirac distribution. Our approach holds for temperatures T T K (above the Kondo temperature). However, the temperature should not be very high in order that we can safely employ the Heaviside step function for the Fermi-Dirac distribution n F (E) [7] . By employing the Hubbard I approximation, we decouple the Green's functions in the right-hand side of Eq.(25) and obtaiñ
, and
is the total self-energy, withj = 2, 1 respectively for j = 1, 2 for the indexes corresponding to distinct adatoms, Σ(R = 0) is given by Eq. (20) and
are mixed Green's functions, which describe the correlations between the adatoms and are responsible for Fano destructive interference.
III. RESULTS AND DISCUSSION
In the discussion below we adopt the following set of the system parameters: t d1 /t c = 10 −6 , E d = −0.07D, U = 0.14D, V = 0.14D and v F ≈ c/300 [7] .
Panel (a) of the Fig.2 shows the comparison between the linear LDOS of graphene (green curve) versus D phantom 0 with cubic dependence characteristic for the phantom atom of Eq.(16) (blue curve). Fig.2(b) displays the densities of states of the adatoms DOS jj = DOS 11 = DOS 22 defined by Eq.(21) with zero detuning ( E = 0), where two peaks labeled as (1) and (2) are situated within the valence band (E < E F ≡ 0) for the case of U = 0 (red curve). Two extra peaks appear within the conduction band (E > E F ≡ 0) as well (not shown), since we assumed the symmetric Anderson model with the constraint 2E d + U = 0 being fulfilled. In this regime, the graphene Hamiltonian with adatoms is invariant under particle-hole transformation, and all the properties of the peaks within the conduction band are the same as those within the valence band, thus we do not need to perform separate analysis for them. Note, that deviations from the condition 2E d + U = 0 will not change the presented results qualitatively, but positions of the peaks in conduction and valence bands will not be anymore symmetric. For comparison we also present the curve for U = 0 (dark blue), characterized by a single peak labeled as (3). to the LDOS are added, this antiresonance cancels exactly the corresponding resonance in the diagonal term. This means that the peak (1) of panel (b) can be considered as a BIC arising from a Fano destructive interference assisted by Coulomb correlations. We checked that for U = 0 BICs do not appear. Fig.3(a) focuses on the region where the LDOS of Fig.2(d) reveals the single peak marked as (2) at the Fig.2(b) . Note that the second peak in the DOS, marked as peak (1) in Fig. 2(b) appearing around E ≈ −6.3 × 10 −2 D is not reflected in the LDOS due to the Fano suppression mechanism. This peak thus corresponds to the BIC, and its position is shown by a vertical line (see panels (c) and (d) of Fig.2) . Fig.2(e) shows the band structure of the phantom atom in the presence of BICs. Note that as the BIC does not appear in the LDOS, it can not be revealed by a conductance measurement.
Phantom Band Structure
To make it observable, one needs to introduce the coupling between the BIC and the continuum states, which can be achieved by the introduction of a small detuning E between the energies of the upper and lower adatoms. As a matter of fact, this detuning will appear automatically due to the hybridizations of the STM tip with the adatoms, in particular when the former is found closer to the latter. In Fig.3(b) we plot the LDOS for E = 10 −4 D. One clearly sees that visible, although rather weak peak appears at the energy corresponding to the BIC, in which a true BIC is transformed to a quasi-BIC detectable in transport experiments. The visibility of the quasi-BIC peak can be improved by approaching both levels E d and U towards the Dirac points (E d = −0.02D and U = 0.04D) combined with the increasing of the Fermi velocity v F (v F ≈ c/150) as shown at panels (c) and (d) of the same figure. From the experimental perspective the tuning of the Fermi velocity can be performed by changing the dielectric constant in the substrate hosting the graphene sheet [25, 26] .
In Fig.4 we present the results for the case of the broken particle-hole symmetry, taking U = 0.035D, E d = −0.07D, v F ≈ c/300 and E = 0. By decreas- Fig.2 . One can find the expression for the LDOS using the field operator of a carbon atom [23] Ψ carbon,σ = 1 2π
instead of the field operator of a phantom atom given by Eq. (8) . The resulting LDOS is given by the same expressions of the Eqs. (15) and (17) stands for the self-energy [7] . Panel (b) shows the DOS for the considered situation. One clearly sees that differently from the case of the phantom atom BICs do not appear, since resolved peaks within DOS jj = DOS 11 = DOS 22 are absent and a couple of broad merged resonances appears instead. To explain such a behavior, let us focusing on the Anderson broadening ∆. For the case of a phantom atom ∆ ∝ |E| 3 and as the peaks at E ≈ −6.3 × 10 −2 D and E ≈ −5 × 10 −2 D denoted by (1) and (2) in Fig.2 (b) are found nearby the Dirac points (E = 0), they are narrow enough in this region and can be easily resolved. For the case of the collinear alinement of the impurities with one of the carbon atoms ∆ ∝ |E|, thereby the broadening of the peaks in the vicinity of the Dirac points increases and they become unresolved as seen at the Fig.5(b) . Fig.5(c) displays the sketch of the Dirac cones in such a situation.
IV. CONCLUSIONS
In summary, we have demonstrated that BICs can appear in a system consisting of a graphene sheet and a collinear pair of adatoms placed above and below the center of the hexagonal cell, where a fictitious or phantom atom emulates the six carbon atoms of the cell. The effect is due to the destructive Fano interference assisted by Coulomb correlations in the adatoms. We have checked that BICs do not appear if Coulomb interaction is absent or if adatoms are collinear with one of the carbon atoms in the lattice.
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